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Sill制ARY

F1uid forces on a centrifuga1 impe11er， whose rotating axis whir1s with 
a constant speed， have been ca1cu1ated by using unsteady potentia1 theory. 
To simp1ify the prob1em， it is assumed that the f10w is incompressib1e and two 
dimensiona1， the impe11er is surrounded by vane1ess diffuser and the 
eccentricity is constant and sma11. Ca1cu1ations are performed for various 
va1ues of whir1 speed， number of impe11er b1ades and ang1e of b1ades. Some 
typical examp1es of resu1ts are shown in vector diagrams. A1though the resu1ts 
of this paper are obtained for simp1ified geometries under idea1ized 
assumptions，they wi11 suggest us the nature of f1uid forces acting on whir1ing 
impeller. 

INTRODUCTION 

Recent advances in rotor dynamics made it possib1e to ana1yse very 
comp1icated rotor system 1ike mu1ti-stage pump rotor and mu1ti-bearing 
turbogenerator shafting. In these ana1yses ~he 1argest weakness seems sti11 to 
1ie in the assumption of radia1 f1uid forces acting on rotor e1ements such as 
sea1 rings， ba1ance pistons and impe11ers. Many studies have been made and are 
being carried on this subject; just to mention a few， contribution of B1ack to 
pressure sea1 and centrifuga1 impe11er (ref. 1，2) and of Acosta to centrifuga1 
impe11er (ref. 3). 

As to radia1 forces acting on centrifuga1 impe11ers， numerous studies and 
informations have been accumu1ated on their steady part caused main1y by as戸n-
metric configuration of vo1ute casings. To the contrary 1imited studies (ref. 
2，3) have been pub1ished on the unsteady part of radia1 forces， which is.caused 
by the whirling motion of rotating impeller. This is the very information 
sought for the improvement of rotor ana1ysis. Most of them are， however， 
quas~-steady ana1yses， in which the effect of shed vortices is disregarded. 

In this .paper， the radia1 force of a rotating impeller with arbitrary 
whir1ing motion is reduced from the f10w fie1ds in and outside of the impe11er， 
app1ying familiar singu1arity method for the ca1cu1ation of unsteady potentia1 
flow: Though the f10w in a rea1 centrifugal turbomachine is very complex 
because of as戸nmetr土cgeometry of casing and strong viscous effect in impe11er 
passage for examp1e， fo11owing simp1ifications and assumptions are introduced 
in the present theory. 

持Notpresented at workshop. 
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(1) The f1uid is incompressib1e and inviscid， and the f10w is two 
dimentiona1 and irrotationa1 in the abso1ute coordinate system. 

(2) 百leregion outside of the rotor is unbounded and free of vanes. 
(3) The ratio of whir1 eccentricity to the radius of the impe11er is so 

sma11 that its square can be neg1ected. 
(4) 百lef10w rate， the prerotation of suction f1ow， the rotationa1 speed 

of the impe11er and the whir1ing speed of the shaft center are 
constant. 

(5) B1ades of impe11er have no thickness and have the shape of 
10garithmic spira1. 

(6) Steady part of the f10w satisfies the condition of shock1ess entry 
at the 1eading edges of the b1ades and Kutta's condition at the 
trailing edges is assumed. 

(7) Free vortices are shed from the trai1ing edges and are carried 
downstream a10ng steady stream1ines with steady ve1ocities. 

After having derived formu1ations of radia1 forces for given parameters 
of whir1 to rotationa1 speed ratio， number of impe11er vanes and b1ade ang1e， 
typica1 numerica1 resu1ts are demonstrated in vector diagrams. 

SYMBOLS 

N number of b1ades s ang1e between radius and b1ades 

r
1 

inside radius of impe11er r
2 

outside radius of impe11er 

ωangular speed of impe11er， positive c10ckwise 

n angu1ar speed of whir1ing motion， positive c10ckwise 

εeccentric radius Q flow rate 
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p density of f1uid 

z comp1ex conjugate of z 

i comp1ex unit with respect to coordinate 

j comp1ex unit with respect to time 

Subscripts 

n component norma1 to b1ade t component tangentia1 to b1ade 

S steady component 。quasi-steady component . 

w component caused by free vortices 

ωcomponent caused by rotation effect 
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ANALYSIS 

Basic Consideration 

The centrifuga1 impe11er shown in figure 1 is considered. It rotates 
with a constant angu1ar speedωand its center whir1s with a constant eccentric 
radius εand a constant an思11arspeed n. The boundary condition to the 
ve10c工tyfie1d is in this case unsteady， and the f10w around the impe11er 
shou1d be determined by unsteady ana1ysis. 

Let an arbitrary point on a reference b1ade be A. Then the geometry of 
the points A， 0 and 0' are shown in figure 2， where point 0 and 0' are the 
center of impe11er and whir1ing motion， respective1y. From the viewpoint of 
f10w fie1d， we interpret that the in1et f10w to the impe11er is unaffected by 
the whir1ing motion of the impe11er， that is， the 1ocation of source Q (repre-
senting f1o~ ~~te) and circu1ation rp (representing prerotation) is fixed on 
point 0'. Defining the ang1es s， 81-and 82 as shown in figure 2， and 
introducing the 1engths AO'=~ ， AO=r and 00'=ε， ~ is expressed as 

Z=[r2+2r cos(62喧 81)+ε2]1/2::r [1 +ε/r cos(82-81)] 

官leve10city vQ at A induced by source Q in the direction of O'A is 

VQ=Q/2π £匂 Q/2πr[1 -ε/r cOS(8
2-

8
1
)] (1) 

Simi1ar1y， the ve10city vr at A induced by circu1ation rp is 

vr h rp/2πr [1 -ε/r COS(8
2
-8

1)] 
(2) 

where its direction is norma1 to the 1ine O'A (positive c1ockwise). 
The ve10cities Vo and V~ are divided into two components respective1y. 

They ar~ ~Qn a~~ v山市lichare norma1 to b1adふ andvQt a~d ~rt w~~ch are 
tangentia1 'to b1adê~ As the reference b1ade intersecLs the 1ine OA at ang1e s， 
the intersection ang1e between b1ade and 1ine O'A is given approximate1y by 

日+(ε/r)
， 
sin(8

2
-8

1)・ Usingthe above re1ations， v
Qn' 

v
rn' 

V
Qt 

and v
rt 

can be 
xpressed as 

VQn-Q/2τr [sin s +ε/r sin(8
2
-8

1
-s)] (3) 

vrn h rp/2πr [COS B-ε/r COS(8
2-

8
1-

s)] 

VQthQ/2πr [cos s -ε/r COS(82-
8
1-s)] 

守th-rp/2πr [sin s +ε/r sin(8
2-

8
1-s)] 

(4) 

(5) 

(6) 

When point A on the b1ade is observed from a fixed coordinate system， A is 
moving in.the norma1 direction to OA with ve10city rω， and a1so in the norma1 
direction to 00' with ve10city En. Both ve10cities are considered positive 
c1ockwise. On the other hand， when observed from the re1ative coOrdinate 
system fixed to the rotating impe11er， abso1ute1y sti11 fie1d is considered to 
have ve10cities -rωand -εn in the corresponding directions. 百leseare divided 
into two components in the same way as vQ and vr・ Usingthe re1ations 
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d8
1
/dt=-n and d8

2
/dt=-ω， norma1 and tangentia1 cornponents Vωrland vωt are 

Vwn = -rωcos s -εQ cOS(6
2
-6

1
+ s) (7) 

vωt = rωsin s +εQ sin(6
2
-6

1
+日〕 (8) 

Hereafter on1y re1ative coordinate systern fixed to the irnpe11er wi11 be 
used. Every vector quantity such as 1ocation vector OA，force and ve10city is 
indicated in this coordinate systern by a cornp1ex nurnber， whose rea1 and 
irnaginary (with irnaginary unit i) part represents its cornponent in two 
orthogona1 axes. 

Irnaginary unit with respect to tirne， j， is a1so introduced to indicate the 
phase difference of osci11ating quantities. Since two cornp1ex units i and j 
have cornp1ete1y different rneanings， they shou1d be distinguished carefu11y in 
the reduction of equations. 

Let ~he 1oc~tion_~~ A_~~ z ~n_~?e cornp1ex ~lane ， norrna1 cornponent vQn， vrn 
and Vωn of equat工ons (3)， (5) and (7) can be written as 

=Q/[sinB+jε ち 2ejsej (ω-n) tl. = 
Qn '2甘IzlL~." 1-' . 'I.zl<<:v V Jj _ vQn1T vQn2 

Vrn =rp/2 πIzl [cos s -ε 71z|2 λ j(ωーロ〕t]j「nl+VM  

Vωn = [ー Izlωcos日ーεzイzln e -j sej (ω-Q〕t]j=vωn1+Vωn2 

(9) 

(10) 

(11) 

Since on1y abso1ute va1ues of above three quantities are of interest， they are 
expressed as a cornp1ex with respect on1y'to j. Further， tangentia1 cornponent 
VQt' V

rt 
and Vωt of equations (4)， (6) and (8) are written as 
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=V
Qt1

+ V
Qt2 (12) 

vrt=Jp/2-hz|[Sin B+jεZ/lzl2 e
js 

e
j 
(ω4)t]j・[Z/|Z|eiB]i

=V
rt1 

+ V
rt2 (13) 

Vωt = [1れ sin 日+ ε n j 九， e叫j(ωーロ〕t]j・[Z/izieiB]i 

=V _+ V 
ωt1 .ωt2 (14) 
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A11 of the equations from (9) to (14) consist of the steady term indicated by 
subscript 1， and the unsteady term by subscript 2. Unsteady components are 
first order quantities in comparison with t~~ s~~ady component. 

Since ai1 the.unsteady t~rms contain.ejlω-Q)t，' this. prob1em can be thought 
to be the periodic phenomenon with angu1ar speed (ω-Q). A11 quantities within 
[ ]; are comp1ex with respect to j， and therefore their ar思lmentcorresponds 
to the phase of sinusoida11y osci11ating phenomenon. 
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As thickness of b1ades is dis~egarded ， b1ades can be rep1aced by the 
distribution of vortices. The distribution of steady vortices ys has to 
satisfy the boundary condition that there is no' crossing f10w through b1ades. 
This 1eads to 

jzrk〔z')Re(よ
j zL ~ . 2τ 

N 
z 

zN_ z' N 

_is 
-ー) dz'+ 
|Z|QTl  l rnlVωn1= 0 (15) 

where zL and zT are the comp1ex coordinates at 1eading and trai1ing edges of 
the b1ade. The integra1 shou1d be carried out a10ng the b1ade. For the 
ca1cu1atio~ of the integrand of the above integra1， the fo11owing re1ation is 
a1so used 

N

ヤムい一

ー

N zN-1 z 

N . N z - Z' 

(16) 
l 

z - z' e i2πkjN 

Combining equation (15) and the Kutta's condition at the trai1ing edge， ys can 
be determined. As shock1ess entry at the 1eading edge is assumed in this 
ana1ysis， ys is restricted to finite va1ue. Once ys is obtained， the ve10city 
v(z) at an arbitrary point z can be ca1cu1ated by 

「zT u Z N-1 

v(Z)=j zLYs(Z『)ず子 (N-zfN) ω
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(17) 

Unsteady F10w 

First we consider the f10w fie1d shown in figure 3， in which N discrete 
vortices with phase difference 2n/N are ranged on a circumference with equa1 
distance. Let the 1ocation of a reference vortex be z'， the comp1ex conjugate 
ve10city at an arbitrary point z is given as 

f(z，z') rLπ 
・
工
弓
4=

 
v
 

・工

-u
 

=
 

N

ヤム山一

e-j2πkjN 

z-z' ei2τkjN 
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=~~~rlz/ z' ) N/ 2-1 + (z ' / z) N/ 2-1 . (z/ z') N/ 2-1_ (z' / z) N/ 2-11(18) 
L N/2 N/2 ー工 J N/2 N/2 1 

(z/ z') ー(z'/z)'" L. .(z/z') ー(z'/ z) 

The above function f(z，z') is very usefu1 for determirig unsteady ve10city; 
because the unsteady distribution of vortices Yu has a1so the phase difference 
2π/N at the corresponding points on. the b1ades. 

Unsteady distribution of vortices Yu consists of quasi-steady te釘 nYo and 
wake effect term Y..r 

w' Y u = Y 0 + Y w (19) 

:~~， ind~c~? ， ~e10city， br.Yq has~!? can~e~.vQnf' vrn2 and ，v~n2 o~ equat~on (9)， 
(10) and (11) on each b1ade. This re1ationエsexpressed by a integra1 
equation as _ヲ

Tνz') 附 (z，z') eisz/ IZI] dz' + vA_...，+ vT'_""+ V.._...，= 0 (20) 1_ '01.... ) ..."'L.LI....'... J '"' ~I I~I J ~~ vQn2' vrn2ωn2 
__) z --L 

~ntrod~ci~g.the Kutta's condition at the trai1ing edge， Yo can be fina11y 
determined 

The free vortices Yl are assumed to be carried downstream a10ng the 
steady stream1ine starting from the trailing edge， which can be ca1culated by 
equation (17). Al1 wake stream1ines have the same geometry， but free vortices 
on them have also 2π/N phase difference with one another. Considering the fact 
that the strength of free vorticies is inversely proportional to the velocity， 
the distribution of free vortices Yl of the reference b1ade can be written as 

I v(z.，.，)1 
Y. = clv 

~~!.J I ej (w-S1)t e-j h(s) 
I v(z) I (21) 

Here， C is a comp1ex constant with respect to j， Iv(z) I the absolute velocity 
on wake stream1ine， s the length of thp- stream1ine measured from the trai1ing 
edge zT. 百lefunction h(s) in the above equation is defined further as 

h(s) = (W-S1)J: ds'/lv(z')1 (22) 

Assuming C=l provisionally， the velocities on the blade induced by free 
vort工ces，vwn are written as 

r∞I v(z.，.，) I 
川 (z)=川上同干)卜-j h(s)f(z，z')dz' eisz/ IZI] (23) 

--T 

To cancel this normal component on the blade， the unsteady distribution of 
vortices Ywl (Ywl=Yw/C) is to satisfy the following integral equation 

f:T Yw1 (z')Im[f(z，z') eisz/ Izl ]dz' + v.~(z) = 0 

L 

(24) 

The above equation shou1d be solved under the additiona1 condition that the 
vortex strength is continuous at the trailing edge. 
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Introducing the circu1ations rs， rO and rw1' which are caused by Ys' YO 
and Yw1' the tota1 circuta tion r is ..-
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(25) 

Differentiating both sides of the equation (25) with respect to time and using 
d/dt=j (ω-Q)， 

dr/dt = j (ω-Q) (ro + c rw1) (26) 

is obtained. Further， Ke1vin's 1aw for the conservation of vortices 1eads to 
the re1ation that the rate of tota1 circu1ation change is equa1 to the tota1 
shed vortices from the trai1ing edge within unit time. This is expressed by 

I ，.r~ '11 ~-j h(O) -dr/dt = Clv(zT)1 e-J 
"¥YJ (27) 

where Iv(zT) I is the steady ve10city at the trailing edge. Substitution of 
equation (27) into. equation (26) yie1ds， 

-j (ω-Q) ro 
C = 

j (ω-Q) r w1 + Iv (zT)1 
(28) 

Once C is determined in the above， who1e unsteady f10w fie1d can be so1ved 
comp1ete1y. 

Forces Acting on the Impe11er 

Forces acting on the impe11er can be determined by integrating the 
pressure distribution on the b1ades. 官leassumption of infinite1y thin b1ades 
makes this ca1cu1ation comparative1y simp1e. Let A and B be upper and 10wer 
surface of a b1ade point， the pressure difference between these points is 
expressed as 

PB/P -PA/P =(vA
2
- vB

2 
)/2 + a(中A-ゆB)/at
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(29) 

where vA and vB are the 1oca1 ve1ocities， andゆAand中Bare the ve1ocity 
potentia1s. Here (vA+vB)/2， the mean ve10city of the both sides， is denoted 
by um and is separated rurther into steady component Um1 and unsteady component 
Um2・ Um1can be obtained from equation (17)， 

Um1(ZA) = v(zA) ー

(30) 

Now um can be obtained by adding yQt2〔ZA〕， vrt2(ZA)andvωt2(ZA) from equation 
(12)， {13) and (14) to the tangentiaf-component of the ve10eities induced by 
YO， Yw and Y1・
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+ VQt2(zA) + vrt2(zA).+ ~ωt2 (zA) 
(31) 

Consequent1y， the first term of the right side of equation (29) may be written 
as 

(VA + vB)Y/2 = (Um1 + U
m2

) (Y
s 

+ Y
O 

+ Y
W
) 

弓 Um1Ys+ Um1(Yo + Y
W
) + Um2Ys (32) 

where Um2(YO+Yw)， which is second order quantities， is neg1ected. Integrating 
the pressure difference a10ng a11 b1ades， and adding them up as vector 
quantities， the tota1 force acting on the impe11er is given as 

「
t
』

t
i
J

、，』
J

ヲ臼raE、w
 

vs 
+
 

、，』
J

ヴ
白rE・、nu 

y
 

r
l
l
L
 

、.，
J

ヴ
hrE

、
1
4
 m

 

H
u
 

r
a
-
-
L
 

中
A

T

U

ヴ

白

ヴ

白

r
l
l『

l
l
J

M
円，，，，， k

 
甘

司

4.ェ
e
 

M
円，J'

 

b
h
 

π
 

内
ノ
』

・
司
B
J

e
 

l

z

J

O

 

-
-
一
一
一

N
寸
¥
ノ
ム

k

n
v
 一一

官晶

+Um2〔z，)Ys(ZT)時
(33) 

Obvious1y the tota1 force obtained is pure1y osci11atory without any steady 
component. This is because steady component vanishes by adding up for a11 
b1ades. 

It is we11 known from thin airfoi1 theory that the direction of 1ift 
acting onanairfoi1 is perpendicu1ar to the in1et f10w direction， and the 1ift 
cannot be ca1cu1ated by mere1y integrating the pressure difference between 
upper and 10wer surfaces a10ng the airfoil. . It is because the infini te 
strength of vortex at the 1eading edge generates a finite force in the 
chordwise direction. In this ana1ysis， Ys does not become infinite at the 
1ead~ng edge because shock1ess entry is assumed throughout. Even in this 
case， Yo and Yw become infinite at the 1eading edge. Ca1cu1ation shows， how-
ever， that the effect remains a1ways wi thin second order quantities， and.-thus 
can be neg1ected. From.the above considerations， it is evident that the 
integration of the pressure difference 1eads to the force acting on the 
impeller. 
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Method of Numerica1 Ca1cu1ation 

In the practica1 ca1cu1ation the vortex distrbution on b1ades and wakes 
are replaced by finite number of discrete.vortices， thus transforming the 
integral equations to simultaneous equations. In the ca1culation of unsteady 
vortices， it is noted that the coefficients of simu1taneous equations become 
complex with respect to j. Numerica1 integrations shou1d resort to trapezoida1 
method by separating the integrands into real and imaginary part. The inte-
~ration of Y1 in equation (23) and (31) can be terminated at-a proper distance 
from trailing edge， since the effect of free vortices diminishes rapidly as 
they get away from the impel1er. 

Numerica1 Resu1ts 

Ca1culations are carried out for blade ang1e s of 300， 450 and 60 0
• 

Some examples are given in figure 4，5 and 6. Figure 4 is the resu1t for the 
case of N=6， rl/r2=0.5， s=450， fp=O and the f10w coefficient中=8.25. 百le
absolute va1ues and the directions of dimension1ess forces acting on the 
impe1ler at the moment when 00' is in the direction of x axis are shown for 
various values of n/ω. 官lOughthe forces acting on each blade are unsteady， 
the combined forces become a1ways constant， provided the number of blades is 
greater than three. Observing from the re1ative coordinate system， the force 
changes its direction clockwise with the angu1ar speed (n-ω). While， observing 
from the fixed coordinate system， the direction changes clockwise with the 
angular speed n. The ang1e between force vector and 00' remains constant. 
Figure 5 is the resu1t for the case of N=6， r1/r2=0:5，日=300，fp=O and ~=0.443 ， 
whi1e figure 6 for the cas~ of N=6， r1/r2=0.5，日;600，fp=O and和=0.1443.

In the stabi1ity analysis of a rotor system， hydroaynamic damping force 
acting on each e1ement of the rotor p1ays a predominant ro1e. In the present 
case damping force corresponds to the component of f1uid force on the impe11er， 
which is para1le1 and is in opposite direction to the whirling velocity of 
shaft center. When damping force is negative， that is， when the fluid force 
has such component that pushes the shaft center toward its whirling motion， 
there exists a danger that the rotor system runs into severe whirling. 

In the resu1ts shown in figures 4宅 5and 6. damping force corresponds to 
the fluid forces in +y direction for n>o and in -y direction for nくO. As seen 
from figures， fluid force acts as damping throughout the ca1culated cases. 

間lenn is equal toω(n/ω=1)， f10w through the impe11er becomes steady and 
no free vortices shed out from the b1ades. In a11 other cases (口/ω;tl)，b1ades 
are always under unsteady condition and.the inf1uence of aゆ/atterm in equation 
(33) cannot be neg1ected. Quasi-steady treatment seems to be inappropriate 
especia11y for centrifuga1 impe11er， because the wake vortices ~hed from one 
blade pass in the proximity of the next b1ade， thus resu1ting in a substantia1 
interference. This tendency becomes more remarkab1e when b1ade angle is 1arge. 

Besides the examp1es ShO¥VIl in figures， c:llcu1atj二onswere performed for 
various combinations of parameters. From these resu1ts it becomes c1ear that 
the number of b1ades has 1itt1e inf1uence on the tota1 forces. 

CONCLUDING REMARKS 

F1uid forces on a centrifuga1 impe1ler， whose rotating axis whir1s with a 
constant speed， was solved by the singu1arity method. Some typica1 examp1es of 
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resu1ts were shown in vector diagrams. A1though the resu1ts of this paper are 
obtained for simp1ified geometries under idea1ized assumptions， they wi11 sug-
gest us the nature of f1uid forces acting on whir1ing impe11er. 

The present study is expected to be extended to those cases in which the 
condition of shock1ess entry is e1iminated and the effect of vo1ute or guide 
vanes is taken into account. Experimenta1 study is a1so under way by the au-
thors and is expected to furnish.data to be compared with the present ana1ysis. 

This study is supported by Scientific Research Fund of the Ministry of 
Education and by Hitachi， Ltd. 

REFERENCE 

1. B1ack， H.F.， Effects of Hydrau1ic Forces in Annu1ar Pressure Sea1s on the 
Vibrations of Centrifuga1 Pump Rotors， Journ. Mech. Eng. Science， Vo1. 11， 
No. 2， 1969， pp. 206-213. 

2. B1ack， H.F.， Latera1 Stabi1ity and Vibrations of High Speed Centrifuga1 Pump 
Rotors， Dynamics of Rotor， IUTAM S戸nposium，Lingby， Denmark， 1974， pp.56-
74. 

3. Chamieh， D. and Acosta， A.J.， Dynamic Forces on a Whir1ing Centrifuga1 
Rotor， Proc. 6th Conf. on Fluid Machinery， Vol. 1， Budapest， 1979， pp. 
210-219. 

1m 
r21 

I
I
I
-

Re 

Fig. 1 Schematic geometry of a rotating 

impe11er with whir1ing motion 

326 



、、、

Fig. 2 Relation between center of 

1m 

z'exp(i4πIN 

。

Fig. 3 Discrete vortices with 
irnpeller 0， center of whirling 0' 
and blade point A 
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Fig. 4 Vector diagrarn of radial forces on whirling 

irnpeller (N=6， s=4So， r1/r2=O.S， rp=o，中=0.25)
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Fig. 5 Vector diagram of radial forces on whirling 
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